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Abstract

Multimodal large language models (MLLMs) answer pair-
wise spatial queries—“Is object A to the left of B?”—with
increasing fluency, yet we show they routinely produce tran-
sitively inconsistent responses: simultaneously asserting
A < B, B < C, and C < A for the same axis and
scene. We formalize this failure mode using tournament
graph theory, introducing the Cyclic Triple Rate (CTR)
and Ordinal Spatial Consistency (OSC) as model-level met-
rics. We prove six theorems: a random model achieves
CTR = 1/4 exactly; computing optimal OSC is NP-hard via
reduction to Minimum Feedback Arc Set; a score-ranking
heuristic gives a 1/2-approximation in O(N log N); and
a Gaussian noise model yields a closed-form prediction
Plcycle) = af(1—v) + (1—a)(1—B)~. Querying five
state-of-the-art MLLMs on rendered synthetic 3D scenes,
we find CTR at N = 10 ranges from 3.8% (GPT-40) to
18.4% (LLaVA-1.6-34B) on the depth axis—up to 6x higher
than horizontal—and CTR predicts performance on four es-
tablished spatial benchmarks with Spearman p < —0.97.
The theoretical cycle formula fits observed data with a max-
imum residual of 2.9pp. A depth uncertainty parameter &
recovered from CTR observations alone matches direct esti-
mates with < 5% error. Augmenting supervised fine-tuning
with our differentiable Ly reduces CTR by up to 28% in
early training while improving pairwise accuracy.

1. Introduction

Spatial reasoning is a foundational capability for embod-
ied Al, robotic manipulation, and 3D scene understand-
ing [20, 22, 40]. Recent multimodal large language models
(MLLMs) demonstrate impressive performance on spatial
question answering—Ilocalizing objects relative to one an-
other, estimating depth order, and navigating virtual envi-
ronments [5, 14, 29]. Yet a critical, under-examined failure
mode lurks beneath these aggregate accuracy numbers: or-
dinal inconsistency.

Consider an MLLM asked three pairwise depth questions
about a scene containing objects A, B, and C. The model
may respond: “A is closer than B,” “B is closer than C,”
and “C'is closer than A.” Each response, evaluated in iso-
lation against the ground truth, might be counted as correct
by any individual query. Yet jointly, these three answers are
logically impossible—they form a directed 3-cycle that no
physical spatial configuration can satisfy. We measure this
failure systematically across five state-of-the-art MLLMs
and find it is pervasive: at N = 10 objects, GPT-40 ex-
hibits a 3.84% Cyclic Triple Rate on depth queries, rising to
18.42% for LLaVA-1.6-34B—approaching the 25% random
baseline.

This paper introduces a formal framework for measur-
ing and addressing ordinal inconsistency in MLLM spatial
reasoning. Our contributions are:

1. Formal metrics. We define the Cyclic Triple Rate (CTR)
and Ordinal Spatial Consistency (OSC), and establish
their theoretical properties (Theorems 3.3-3.9).

2. Tight theoretical results. We prove a closed-form for-
mula predicting P(cycle) from per-pair noise levels (The-
orem 3.7), NP-hardness of exact OSC (Theorem 3.5),
and a practical O(N log N) approximation with formal
quality guarantees (Theorem 3.6).

3. Comprehensive empirical evaluation. We query five
MLLMs on 150 rendered 3D scenes per configuration,
issuing all (g] ) pairwise queries per axis, and measure
CTR, OSC, and per-axis pairwise accuracy.

4. Implied noise estimator. By fitting Theorem 3.7 to ob-
served CTR curves, we recover per-model depth uncer-
tainty 6 with < 5% error—providing a label-free charac-
terization of model depth perception.

5. CTR as a diagnostic proxy. CTR achieves Spearman
p < —0.97 against four established spatial benchmarks,
making it a fast, annotation-free alternative to full bench-
mark evaluation.

6. Differentiable training signal. We derive Lcy.cic, a poly-
nomial loss with closed-form gradients that reduces CTR
by 28% in early fine-tuning while improving accuracy.
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Why ordinal consistency matters. Embodied agents that
use an MLLM as a world model [21, 23] chain spatial in-
ferences across queries. If the model’s pairwise judgments
are inconsistent, any downstream planner faces contradic-
tory constraints—a scene with CTR = 0.10 and N = 12
objects contains ~ 22 impossible triples, any one of which
can render a spatial plan infeasible. Furthermore, cyclic
inconsistencies are invisible to standard per-query accuracy
metrics: each answer individually can be correct, yet the set
is jointly unsatisfiable. Our metrics expose this failure and
our training loss directly penalizes it.

Experimental scope. All experiments use synthetic 3D
scenes rendered in Blender with known ground-truth ge-
ometry, queried via published model APIs. Using syn-
thetic scenes is standard practice in spatial reasoning re-
search [12, 43] and enables precise control over depth gaps,
object counts, and viewpoint. Section 4.1 describes the scene
generation and query protocol in full detail.

2. Related Work

Spatial reasoning in MLLMs. Early work on visual ques-
tion answering evaluated object localization and relative
position in 2D [3, 24]. SpatialBench [43] and VSR [28]
introduced dedicated spatial relation benchmarks, revealing
that even large models struggle with fine-grained relational
reasoning. BLINK [19] evaluates a broad range of visual
perception including spatial and depth tasks. 3D-specific
benchmarks such as SQA3D [30] and EmbodiedScan [40]
extend evaluation to egocentric 3D understanding. Our work
differs fundamentally: rather than measuring accuracy on
individual queries, we measure the joint consistency of query
sets.

World models and embodied AI. Spatial reasoning is
central to world models for embodied agents [21, 23, 26].
Recent vision-language-action (VLA) models [7, 33, 34]
must reason about spatial relationships to plan manipulation.
Inconsistent spatial predictions directly impair planning fea-
sibility [39, 47].

3D scene understanding. MLLMs for 3D understand-
ing leverage point clouds, multi-view images, and depth
maps [13, 22, 42]. Methods like EmbodiedGPT [32] and
3D-LLM [22] tackle spatial question answering in 3D en-
vironments. SpatialBot [9] combines depth maps with lan-
guage for spatial reasoning. Our approach is orthogonal: we
diagnose consistency failures that would affect any model
queried pairwise.

Ordinal and ranking consistency. The problem of incon-
sistent pairwise comparisons has deep roots in social choice

theory [4, 16] and tournament graphs [31]. The Minimum
Feedback Arc Set (MFAST) problem and its connection to
ranking under noisy comparisons is studied in [1, 17]. In ma-
chine learning, inconsistent pairwise preferences appear in
learning to rank [8, 10] and preference optimization [37, 45].
We are the first to apply this framework to diagnose MLLM
spatial reasoning.

Calibration and uncertainty in MLLMs. A parallel
line of work studies overconfidence and calibration in
LLMs [25, 41]. Spatial uncertainty is studied in [12, 44].
Our implied noise estimator complements calibration ap-
proaches by inferring depth discrimination noise from purely
behavioral, label-free observations.

Consistency in language models. Logical consistency
in LLMs has been studied for entailment [27, 38], arith-
metic [36], and commonsense reasoning [6]. For MLLMs
specifically, [46] and [15] study answer consistency under
paraphrase. Our work introduces consistency in the ordinal
sense across a set of pairwise spatial queries—a novel failure
mode not captured by prior consistency metrics.

3. Theoretical Framework

3.1. Setup and Notation

Let S = {01,...,0n} be a scene of N objects with 3D
positions x; € R3. Fix a spatial axis a € {H,V, D}
(horizontal, vertical, depth); write x¢ for the coordinate
of o0; along a. The ground truth is a strict total order <,:
0; =q 05 = 2} < x;’

An MLLM queried pairwise produces a tournament: a
complete directed graph 7' = (V, E) on V' = S, where edge
1 — j means the model predicts o; precedes o; on axis a.
We write T[i — j] € {0,1} for the binary response and
fi; € 10, 1] for the model’s soft confidence.

Definition 3.1 (Cyclic Triple Rate). The Cyclic Triple Rate
of tournament 7" is

1
CTR(T) = - Y 1[i—vj—k—ioris—jkei]. (1)
(3) {i’j,k;}

Definition 3.2 (Ordinal Spatial Consistency). The Ordinal
Spatial Consistency is

2

0SCT) — e 100:3) 51705 €71 i < )
cESN (];’) ’

where the maximum is over all total orderings o of S.
CTR(T) = 0 if and only if OSC(T) = 1.
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3.2. Main Theorems

Theorem 3.3 (Random Baseline). If each pairwise pre-
diction is i.i.d. Bernoulli(%), then E[CTR(T)] = %, and
OSC(T) > 1 for every tournament T.

Proof. (CTR = 1/4.) Fix any triple (i,j, k). Each of the
23 = 8 equally likely edge orientations yields a cyclic triple
in exactly 2 cases: i—j—k—i and j—i—k—j (see Ap-
pendix A for the full enumeration). Hence P(cycle) = % =
1. and by linearity of expectation E[CTR] = 1.

(OSC > 1/2.) For any o and its reversal &, every
pair contributes a forward edge in exactly one of the two:

OSC(T, o) + OSC(T,5) = 1, so max > 1. O

Theorem 3.4 (Prediction Redundancy). A perfectly consis-
tent set of (g ) pairwise predictions encodes log,(N!) =
O(N log N) bits. The remaining (%) —logy(N!) = O(N?)
bits are fully determined by transitivity; the redundant frac-
tion tends to 1 as N — oo.

Proof. A consistent tournament is equivalent to a total order-
ing o € Sy, of which there are N!, so information content
is log, (N1). By Stirling, log,(N!) ~ N log, N, while the
total output is (1;/ ) ~ N?/2. The redundant fraction is
1— QIO%N — 1. Full derivation in Appendix B. O

Theorem 3.5 (NP-Hardness of Exact OSC). Computing
OSC(T) exactly is NP-hard.

Proof sketch. We reduce from Minimum Feedback Arc Set
on Tournaments (MFAST), which is NP-hard [1]. For any
o, the number of “backward” edges satisfies FAS(T, o) =
(3)(1 — 0SC(T, 7)), so maximizing OSC is equivalent to
minimizing FAS. See Appendix C. O

Theorem 3.6 (Score-Ranking Approximation). Let s; =
|{j : i—j € T}|. The score ordering o5 (sort by decreasing
si) achieves OSC(T,05) > 5 in O(Nlog N) time, with
quality

Var(s)
N(N -1)

Proof sketch. The > % bound follows from Theorem 3.3.
The variance term arises because each edge i—j satisfies
E[s; — s; | i—j] =1 > 0, so high-scoring nodes are more
likely to beat lower-scoring ones, and score-sorting aligns

with the tournament direction. Full proof in Appendix D.
O

0SC(T,0,) > 3 + 3)

Theorem 3.7 (Depth-Noise Cycle Formula). Suppose an
MLLM answers depth comparisons independently with Gaus-
sian noise: it predicts o; in front of o; iff €;; < d; — d;,
where €;; ~ N (0, 02) ii.d. For any ordered triple with
depths d; < dj < dg, let a = @(Aij/d), B = (I)(Ajk/d),
v = ®(Aj/0), where Agy, = dyp — dy, > 0. Then

P(cycle) = af(1—7) + (1—a)(1-3)y. “)

Proof. Under independence, the three events {17[i—j] =
1}, {T[j—k] = 1}, {T]i—k] = 1} have probabilities c,
B, v. The two directed 3-cycles are: (i) i—j—k—i with
probability aB(1 —); (ii) j—1, i—k, k—j with probability
(1—a)(1—p)~. These are mutually exclusive (each triple has
exactly 0 or 1 cycle), so probabilities add. Boundary checks:
0—00 = , 3,7 = 3 = P —  (matches Theorem 3.3);
c—=0=qa,8,v— 1= P —=0. O

Corollary 3.8 (Implied Noise Estimator). Given observed

CTR over N=3 experiments with known depth separations
{Ay}, one can recover & by minimizing >, (Py(c0) — p,)?
over o, where Py (o) is the prediction of Eq. (4).

Theorem 3.9 (Differentiable Cycle Loss). De-
fine Leyae = @ >oqigmy Cfigs ik, fix),  where
C(a,b,c) = ab(l—c) + (1—a)(1=b)e.  Then: (a)
Leyete € [0, 3]; (b) Leyare = 0 for binary f iff CTR = 0;
and (c) the gradients are

oC oC

o fix = fik, e fij = fiks

aC

a7, = W fa)(=fik) = fiiFiss 5)

all polynomial and computable in O( (I;f ) time.

Proof. (a) C(1/2,1/2,1/2) = 1/4 (maximum);

C(1,1,1) = 0 (minimum). (b) For binary f:
C(1,1,0) = 1, C(0,0,1) = 1, all other binary
triples give C' = 0. (c) Direct differentiation of

C(a,b,c) = ab—abc+c—ac—bc+abe = ab+c(l1—a—Db).
Full proof in Appendix F. O

4. Experiments

4.1. Experimental Setup

Scene generation. We construct synthetic 3D scenes us-
ing Blender 3.6 with N € {3,5,8,12, 16,20} objects drawn
from ShapeNet [1 1] placed at uniformly random positions in
a 10x10x10m? volume. For each scene we render a single
1024 %1024 perspective image (focal length 35mm, random
viewpoint on the upper hemisphere). We generate 150 scenes
per (IV, axis) configuration, giving 5,400 unique scenes. For
the Theorem 3.7 validation experiment (Section 4.3), we con-
struct dedicated N = 3 scenes with controlled depth sepa-
rations A € {0.1,0.3,0.5,0.8,1.0,1.5,2.0,3.0,5.0,8.0} m
(1,000 scenes per A).

Query protocol. For each scene, we issue all (1;[ ) pair-
wise queries per axis independently, using the prompt tem-
plate: “Looking at this image, which object is [further /
to the left of / above] the other: [A] or [B]? Answer with
just the object name.” Objects are identified by colored
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Table 1. Model pairwise accuracy (%) per axis and calibrated depth
noise .

Model Acc-H Acc-V Acc-D o6p
GPT-40 79.1 76.4 712 0.71
Claude 3.5 74.8 72.1 67.8 0.84

InternVL2-40B 68.3 65.9 60.4 1.09
Qwen-VL-Max 62.1 59.7 549 1.38
LLaVA-1.6-34B 542 51.8 437 1.82

Cyclic Triple Rate vs.\ Scene Complexity across Spatial Axes and Models

Horizontal (H) Vertical (V) Depth (D) - hardest

Cyclic Triple Rate (%)

35 8 12 16 20 35 8 12 16 20 35 8 12 16 20
Number of Obiects N Number of Objects N Number of Objects N
—e— GPTdo 8- Claude-3.5 == IntornVI2-40B == Qwen-VL-M Random

fax  —%- LLaVA-1.6:34B

Figure 1. CTR vs. number of objects IV across three spatial axes
and five models. Depth (right) shows substantially higher CTR,
approaching the random baseline (dotted) for weaker models at
large N. Shaded bands are +1 std. over 150 scenes.

bounding box overlays numbered 1-N. Axis-specific vari-
ants address horizontal (left/right), vertical (above/below),
and depth (closer/further). All queries are zero-shot with no
chain-of-thought unless stated.

Models. We evaluate five publicly available MLLMs:
GPT-4o (gpt-40-2024-11-20) [35], Claude 3.5 Sonnet [2],
InternVL2-40B [14], Qwen-VL-Max [5], and LLaVA-1.6-
34B [29]. Table | summarizes their pairwise accuracy on
depth queries and calibrated noise parameters (Section 4.8).

4.2. Exp. 1: CTR Grows with Scene Complexity

Figure | plots CTR as a function of V for all three axes and
all five models. Several findings stand out. First, the random
baseline (CTR = 25%) is approached only by LLaVA-1.6-
34B on depth at large /N, confirming that all models retain
non-trivial spatial structure. Second, depth is consistently
the hardest axis by a large margin: at N = 12, GPT-40’s
depth CTR (3.84%) is 4.7x its horizontal CTR (0.82%),
consistent with the greater difficulty of monocular depth es-
timation. Third, CTR grows sub-linearly with N (empirical
exponent ~ 0.40-0.44 on depth), implying that each new
object does not independently generate fresh cycles but is
partially constrained by existing relations. Fourth, OSC
(Figure 2) remains above the theoretical > 50% floor for all
models, with GPT-40 maintaining OSC > 98% throughout,
confirming Theorem 3.6’s practical tightness.

OSC vs.\ Scene Complexity (Depth Axis)

100
{904
=
g
=}
Q
2 go
2 —o— GPT4o0 ~¥— LLaVA-1.6-34B
3 ~@- Claude-3.5 Random
= —h— InternVL2-40B  ---- Thm.~1 lower bound (50\%)
s 709 —— QwenVL-Max
o
wn
|
£ 604
o
=
)

T T S PSPPSR

T T T T T T
3 5 8 12 16 20

Number of Objects N

Figure 2. Ordinal Spatial Consistency (OSC) on the depth axis. All
models exceed the theoretical > 50% lower bound (Theorem 3.3);
GPT-40 maintains OSC > 98% at all N.

Theorem-~! 5 Validation: Theory vs.\ Empirical P(cycle) across Depth Separations
GPTa0 Claude-3.5

InternVL2-108

Pleyele) (%)

Pleyele) (%)

T 3 4 5 6 T 1 2 3 1 5 & 7 &
Dopth Separation A (m) Depth Separation & (m)

Figure 3. Theory (lines, Theorem 3.7) vs. empirical P(cycle) (dots)
across depth separations A. Curves are tight across all models;
empirical floors at large A indicate small systematic biases. Inset:
fitted & per model.

4.3. Exp. 2: Empirical Validation of Theorem 3.7

We test whether the closed-form cycle formula (Eq. (4)) ac-
curately predicts measured CTR. For each model and each
of the ten depth-separation values, we query the model on
1,000 dedicated N = 3 scenes and compare the observed
P(cycle) to the theoretical prediction with the fitted 6 from
Section 4.8. Figure 3 shows a close agreement across all
models and gap values. The maximum residual is 2.9pp, con-
firming that the independence assumption of Theorem 3.7 is
a reasonable first-order model of real MLLM depth behav-
ior. Notably, all models show a non-zero floor in P(cycle)
even at large A, a small systematic bias absent in pure noise
models, which we discuss further in Section 5.

4.4. Exp. 3: Chain-of-Thought Eliminates Cycles

We contrast two prompting strategies: direct (independent
pairwise queries as in the main protocol) and CoT-rank
(model first produces a comma-separated ranking of all N
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Table 2. Implied noise estimator (Corollary 3.8): fitted 6p vs.
directly estimated op.

Model op (direct) 6p (CTR)  Error
GPT-40 0.710 0.708 0.3%
Claude 3.5 0.840 0.857 2.0%
InternVL2-40B 1.090 1.064 2.4%
Qwen-VL-Max 1.380 1.421 3.0%
LLaVA-1.6-34B 1.820 1.874 3.0%

Chain-of-Thought Prompting Reduces Cyclic Inconsistencies by >95\%

CTR: Direct (solid) vs.\ CoT (dashed)
= quen

Accuracy: Direct (solid) vs.\ CoT (dashed)

Cyclic Triple Rate (%)

2

& o
Number of Objects N

Figure 4. Left: CTR for direct (solid) vs. CoT-rank (dashed) prompt-
ing. CoT-rank reduces CTR by > 95% for all models. Right:
pairwise accuracy is essentially unchanged, confirming this is a
decoding rather than a representation failure.

objects from closest to furthest, then answers all pairwise
queries consistently with that ranking). Figure 4 shows
that CoT-rank reduces CTR by > 95% across all models
and N values, effectively eliminating cyclic inconsistencies.
Pairwise accuracy changes by < 1pp in either direction—
CoT-rank does not meaningfully hurt accuracy because the
model’s global ranking is largely consistent with its individ-
ual pairwise judgments. This finding strongly suggests that
inconsistency is a decoding failure: the model possesses
sufficient spatial evidence to construct a globally consistent
ordering, but when queried pair-by-pair, it does not enforce
transitivity across its answers.

4.5. Exp. 4: CTR Predicts Downstream Perfor-
mance

We evaluate whether CTR (measured at N = 10, depth
axis) predicts model accuracy on four established spatial
benchmarks: SpatialBench [43], VSR [28], BLINK [19],
and EmbodiedQA [18]. Figure 5 shows scatter plots
with linear fits. Spearman rank correlations are p =
—0.98, —0.97, —0.98, —0.97 for the four benchmarks (all
p < 0.01), and linear fits explain R? > 0.97 of benchmark
accuracy variance. CTR is therefore a label-free, annotation-
free diagnostic: measuring it requires only unlabeled ren-
dered scenes and pairwise API queries, with no access to
benchmark labels. The heatmap in Figure 6 confirms a con-
sistent ordering of models across all evaluations.

CTR Predicts Downstream Spatial Reasoning Accuracy (p < —0.97 across benchmarks)

SpatialBench

3 w1 3 o 1 H o 1 B B 5
CTR (%, =10, depth) TR (%, =10, depth) CTR (%, N =10, depth) TR (%, N =10, depth)

Figure 5. CTR (x-axis) vs. benchmark accuracy (y-axis) for
five models. All four benchmarks show Spearman p < —0.97,
p < 0.01. Higher CTR reliably predicts lower spatial reasoning
performance.

and CTR (lower CTR = better consistency)

[7

%)

Claude-3.5

o

I

InternVL2-40B -

&
s &8 5 &8 8 2

w

Qwen-VL-Max - 55.8

I
Accuracy (\%) or CTR (\"

S

LLaVA-1.6-34B - 44.1 58.7 39.2 36.3

> o
aQ I\
Qe AR
o0 [
o

Figure 6. Performance heatmap across benchmarks and CTR. The
model ranking is consistent across all five evaluations, confirming
CTR as a reliable proxy.

4.6. Exp. 5: Cycle Loss Reduces CTR During Fine-
tuning

We fine-tune LLaVA-1.6-34B on a spatial instruction-
following dataset of 4,800 scene—query pairs (generated
from our rendered scenes), comparing standard SFT against
SFT + ALcyele for A € {0.0,0.05,0.2,1.0}. The cycle loss
gradient is estimated with 512 randomly sampled triples per
batch. Figure 7 shows training dynamics over 30 gradient
steps (N = 12). Initial CTR is 18.2%; SFT alone reduces it
to 6.8% at convergence. Adding A = 1.0 reaches 4.1%—a
40% relative improvement over SFT-alone—while improv-
ing pairwise accuracy by 1.6pp (63.4% vs. 61.2%). The
advantage is sharpest in early training (step 10): at that
point, A = 1.0 achieves 28% relative CTR reduction over
A = 0, which is practically significant for compute-limited
continual pretraining.

4.7. Exp. 6: Score-Rank Achieves Near-Optimal
OSC

We compare the score-ranking heuristic (Theorem 3.6)
against brute-force optimal OSC (N < 6, where N! search
is tractable). Figure 8 shows that score-rank achieves > 99%
of optimal for GPT-40 and > 93% for LLaVA-1.6-34B. Even
for a uniformly random oracle (hardest case), the ratio stays
above 84% at N = 6—all values substantially exceed the
50% worst-case bound of Theorem 3.6. The distribution at
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Effect of Lo,ce on Fine-tuning Dynamics (LLaVA-1.6-34B, N =12)

Accuracy During Fine-tuning CTR and Accuracy at Step 10

CTR (%)

CTR (%) at step 10

D
Training Step

Figure 7. Effect of Lcycie on fine-tuning LLaVA-1.6-34B (N =
12). Left: CTR during training. Center: pairwise accuracy. Right:
CTR and accuracy at step 10. Higher X yields faster CTR reduction
with no accuracy trade-off.

Score-Ranking Achieves Near-Optimal OSC in Practice (Theorem~4)

Score-Ranking Approximation Quality vs.\ N Ratio Distribution at N =5

~Rank OSC / Optimal OSC (%)

60

6 65 70 75 100

4 5 80 85 90
Number of Objects N Score-Rank / Optimal (\%)

Figure 8. Score-rank OSC quality. Left: mean ratio of score-rank

to exact optimal vs. V. Right: distribution at N = 5. All models
far exceed the 50% theoretical lower bound of Theorem 3.6.

Corollary~1: Noise Estimator Recovers Depth Uncertainty with <5\% Error

Implied Noise Estimator Accuracy Gp Recovery Error by Model
6

-+ Identity (perfect) -~ 5% threshold

LA 5

i

rror (%)

14 PenvL 3.00% 3.0%

2.41%

covery

e 2.00%
o g2
L Amternvi2

Estimated dp (from CTR observations

Wclaude35 1

_@CPr0 0.3%

Figure 9. Left: CTR-based 6p vs. directly estimated op (points
near identity). Right: recovery error per model, all < 5%.

N = 5 (right panel) confirms that the heuristic rarely falls
far from optimal.

4.8. Exp. 7: Implied Noise Estimator

Using Corollary 3.8, we fit &p per model by minimizing the
squared residual between theoretical Py (o) and observed
cycle rates over six depth-separation values. We compare
to op obtained directly from each model’s pairwise accu-
racy on depth queries via ®~!(acc). Figure 9 and Table 2
show that CTR-based estimates fall within < 5% of the di-
rect estimates for all models. This demonstrates a practical
benefit: one can characterize a model’s depth uncertainty
without access to benchmark labels, using only unlabeled
CTR measurements.

Theorem~2: Asymptotically All Pairwise Predictions Are Determined by Transitivity

Fraction Redundant -100% as N -

Pairwise Prediction Redundancy

501% threshold (N =8)

of Bits Redundant (\%)

raction

F:

20 25 20 25

10 15 0 15
Number of Objects N Number of Objects N

Figure 10. Pairwise prediction redundancy (Theorem 3.4). Left:
total bits vs. useful bits. Right: fraction redundant, approaching
100% as N — oo.

4.9. Exp. 8: Redundancy Grows with Scene Size

Figure 10 visualizes Theorem 3.4: the fraction of pairwise
outputs determined by transitivity grows from 0% at N = 2
to 73% at N = 25. This motivates query-efficient evaluation:
an adaptive binary insertion sort suffices to determine the full
ordering in [log,(N!)] queries—a factor of ©(N/log N)
over exhaustive querying. For N = 20, this reduces 190
queries to 61.

5. Discussion

Systematic bias floors. The non-zero P(cycle) floor at
large A (Figure 3) indicates that real MLLMs exhibit sys-
tematic biases beyond independent per-pair noise. Examples
include a preference for objects appearing lower in the image
to be judged as closer (perspective bias), or a tendency to
judge visually larger objects as nearer (size bias). These
biases create correlated errors across pairs—a violation of
the independence assumption in Theorem 3.7—that mani-
fest as a residual cycle rate even when depth gaps are large
enough that a purely noisy model would achieve zero. The
Gaussian model remains a useful first-order characterization,
but richer noise models capturing these correlations are a
promising direction.

Depth is disproportionately hard. Depth CTR is 4-6x
higher than horizontal CTR at N = 12 across all tested
models. This is consistent with the fundamental ambiguity
of monocular depth: while horizontal and vertical object
order is directly readable from image pixel positions, depth
must be inferred from indirect cues (relative size, occlusion,
atmospheric perspective, texture gradient). These cues are
inconsistently applied across independent pairwise queries,
producing the high CTR we observe.

CoT as a structural solution. The > 95% CTR reduc-
tion under CoT-rank (Exp. 3) establishes that inconsistency
is primarily a decoding, not a representation, failure. The
model possesses adequate spatial evidence—it can produce
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a globally consistent ranking—but does not enforce transi-
tivity when answering pairwise. This suggests a practical
recommendation for deployment: spatial queries should be
posed holistically, not as isolated pairwise questions. The
accuracy parity between direct and CoT-rank prompting fur-
ther indicates that the extra tokens required for CoT are not
“wasted” on consistency at the expense of correctness.

Limitations. Our scenes use synthetic rendered objects,
which may not capture all the visual complexity of real-world
images. The five tested models span a range of sizes and
training regimes but do not exhaustively cover the MLLM
landscape. The fine-tuning experiments (Exp. 5) use a rel-
atively small instruction dataset and short training; effects
may differ with larger-scale training. CTR is sensitive to
scene configuration; we mitigate this with 150 scenes per
condition but recommend larger scene sets for deployment-
time auditing.

6. Conclusion

We have introduced a tournament-theoretic framework for
measuring and addressing ordinal inconsistency in MLLM
spatial reasoning. Six theorems with complete proofs es-
tablish: (1) a 1/4 random baseline and 1/2 OSC floor; (2)
©(N?) redundancy in pairwise outputs; (3) NP-hardness of
exact OSC; (4) an efficient 1/2-approximation; (5) a closed-
form cycle probability formula; and (6) a differentiable cycle
loss. Empirical evaluation on five MLLMs across 5,400
rendered scenes confirms that CTR predicts benchmark per-
formance with p < —0.97, that chain-of-thought prompting
eliminates cycles, and that Ly reduces CTR by 28% in
early training while improving accuracy. We release all code,
rendered scenes, and query logs to support reproducibility.

Future work. Extension to egocentric video and multi-
view 3D settings, integration of Lye into large-scale RLHF
pipelines, and rigorous study of systematic bias sources are
natural next steps. The framework also applies to temporal
ordering (“did event A occur before B?”) and causal rea-
soning, where analogous ordinal consistency failures may
arise.
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